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Abstract. The radiation of plane harmonic sound waves from a rigid stepped cylindrical waveguide is treated
by using the mode-matching method in conjunction with theWiener-Hopf technique. The solution is exact, but
formal, since infinite series of unknowns and some branch-cut integrals with unknown integrands are involved.
Approximation procedures based on rigorous asymptotics are used and the approximate solution to the Wiener-
Hopf equations is derived in terms of infinite series of unknowns, which are determined from infinite systems of
linear algebraic equations. Numerical solutions of these systems are obtained for various values of the parameters
of the problem and their effects on the directivity of the stepped waveguide is presented.
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1. Introduction

Different types of acoustic or electromagnetic stepped waveguides are commonly used as
loudspeakers or as primary feeds in reflector-antenna systems used in microwave communica-
tions. To analyze the performance of such radiators, one needs to know accurately their near-
and far-field patterns.

The radiation characteristics of circular waveguides have been the subject of numerous
past investigations. The first rigorous analytical solution of the radiation from a semi-infinite,
infinitely thin unflanged circular rigid pipe, was obtained by Levine and Schwinger [1]. Later
Ando [2] considered the same problem, in the case of non-vanishing wall thickness. Rawl-
ins [3] investigated the radiation of sound from a rigid cylindrical duct with an acoustically
absorbing internal surface. The analysis reported in [2] was recently generalized by Biyukak-
soy and Polat [4] to the case where the inner and outer surfaces of the pipe are impedance
boundaries.

Notice that the acoustic properties of slowly varying and stepped cylindrical ducts have
been tackled by Nayfeh and Telionis [6], Rienstra [6] and Nilsson and Brander [7]. In [7], the
reflection and transmission of sound in a cylindrical waveguide with a jump in its diameter is
treated through the Wiener-Hopf technique.

The aim of this work is to study the pressure directivity of an open-ended stepped circular
pipe asymptotically. To this end we consider the problem of plane harmonic sound waves
propagating out of a semi-infinite duct, via an other coaxial cylindrical duct of finite length and
bigger radius and then issuing into free space. Note that a similar electromagnetic radiation
problem has been considered by Birbir, Bllyiikaksoy and Chumachenko [8] for the case of a
two-dimensional box-like horn. The method adopted here is similar to that employed in [8]
and consists of expressing the total field in the waveguide region in terms of normal waveguide

PDF-OUTPUT CP: DISK Gr.: 201029266, ENGT 1170 (engikap:engifam) v.1.1
5105985 tex; 3/03/2003; 9:56; p.1



34 B. Turetken et al.

Figure 1. Stepped cylindrical waveguide

modes and using the Fourier Transform elsewhere. Then, the related boundary-value problem
is formulated as a Modified Wiener-Hopf Equation of the third kind and then reduced to a
pair of simultaneous Fredholm integral equations of the second kind which are susceptible
to a treatment by iterations. The formal solution involves branch-cut integrals with unknown
integrands and infinitely many unknown expansion coefficients satisfying infinite systems of
linear algebraic equations. The branch-cut integrals are evaluated asymptotically for large
values of the acoustical length of the finite duct and the linear systems of algebraic equations
are solved numerically for various values of the parameters of the problem, such as the radii
of the ducts and the acoustical length of the finite waveguide and their effects on the radiation
phenomenon are shown graphically. The results are found to be in good agreement with the
experimental ones related to the circular-pipe horn loudspeaker reported by Ando [9]

Notice also that the present acoustic radiation problem can also be considered as a good
starting point for the analysis of the corresponding electromagnetic problem, that is the circu-
lar cylindrical-horn antenna.

The time dependence is assumed to be exp (—iwt), with w being the angular frequency,
and is suppressed throughout the paper.

2. Analysis

Consider the radiation of a time-harmonic plane sound wave propagating along the positive
z direction from an acoustically rigid cylindrical horn defined by {p =a, z € (—00,0)} U
{oe(a,b), z=0U{p=0>b, z€(0,1)}, where (p, ¢, z) denote the usual cylindrical polar
coordinates (see Figure 1).

From the symmetry of the geometry of the problem and of the incident field, the acoustic
field will be independent of ¢ everywhere. We shall therefore introduce a scalar potential
u (o, z) which defines the acoustic pressure and velocity by p = iwpou and v = grad u,
respectively, where pq is the density of the undisturbed medium.

Let the incident field be given by

u' = exp (ikz) (1)
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Radiation of sound waves from a rigid stepped cylindrical waveguide 35

where k = w/c denotes the wave number. For the sake of analytical convenience we will
assume that the surrounding medium is slightly lossy and k has a small positive imaginary
part. The lossless case can be obtained by letting Jmk — 0 at the end of the analysis.

The total field u” (p, z) can be written as

uy (p,z); p>b,ze(—00,00)
uz (p,2); pe(ab),z<0
u (p,2) =14 uz(p,2)+u' (p.2); pe©0,a),z<0 )
ug (p,2); p€(©,b),z€ (00
us (p,z); pe0,b), z>1,

where u' is the incident field as given by (1) and u;(p, z), j = 1 — 5, denote the scattered
fields u;(p, z), j = 1 — 5, which satisfy the Helmholtz equation

19 0 02
- —_ 4 k2 : =0 j=1,2,3,4,5 3
[pap (pap>+azz+ ]M](p,z) 9 J k) k) k) ’ ’ ()
is to be determined with the help of the following boundary and continuity relations:
0 0
—u1(b,z) =0, ze(0,]), —us(a,z)=0, z <0, (4a,b)
ap ap
0 0
—uz(a,z) =0, z<0, —usb,2)=0; z€(0,0), (4c,d)
ap ap
8u2 8u4
8—(10’0):07 pe(a’b)’ —(/0’0):07 pe(a7b)7 (4e’f)
Z 0z
8u1 8u2
ur(b,z) =uz(b,2); z<0, —(b,2)=—(b,2); z2<0, (49,h)
ap ap
8M1 8M5 ..
ur(b,z) =us(b,z); z>1, —(b,2)=—(0,2); z>1, (4i,))
ap ap
us(p, 0) +u'(0) = us(p, 0); p € (0,a), (4K)
0 J 0
—M3(,0, O) + —u (O) == —M4(,0, 0)5 10 € (07 a) ) (4|)
9z 0z 0z
8u4 8M5

To ensure the unigueness of the mixed boundary-value problem stated by (3) and (4a-n), one
has to take into account the following radiation and edge conditions:

eMr

u~-—, r=+p2+z72— oo, (5)
r

ul(b+0,2)=0(1), z— —0, (6a)
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)
%MT(b +0,2) =0E?), 7z -0, (6b)
u'(b,z) = 0(1), z—>1+0, (6¢)
)

%“T(b, 2)=0(z-ND, z-1+0. (6d)

2.1. REDUCTION TO A MODIFIED WIENER-HOPF EQUATION

In the region p > b, the scattered field u1(p, z) satisfies the Helmholtz equation for z €
(—o00, 00). Multiplying (3) by e'** with « being the Fourier-transform variable and integrating
the resultant equation with respect to z from —oo to co, we obtain

[Ei (pi) + (k* — ozz):| F(p,a) =0, (7a)
pdo \" dp
where

F(p,a) = F_(p,a) + Fi(p, ) + €' Fo(p, ). (7b)

F,(p,a), F_(p,a)and Fy(p, ) are defined by

0 00
F_(p,o) = f ui(p, 2)€“dz,  Fi(p,a) = / ui(p, 2)e““dz, (7c.d)
—0o0 l
and
l
Fi(p,a) = ful(p,z)ei“zdz, (7e)

0

respectively. Owing to the analytical properties of Fourier integrals, F, (o, @) and F_(p, «)
are regular functions in the upper half-plane Jmoa > Jm(—k) and in the lower half-plane
Jma < Jmk, respectively, while F1(p, «) is an entire function.

The solution of (7a) satisfying the radiation condition for o > b reads
H" (Kp)

F (p,a)+ Fi(p,a) +e“F, (p,a) = —A(a) —2 "7
(0, @) + Fi(p,a) +“ F (p, a) (a)K(a)Hl(l)(Kb)

(8a)

with

K(a) = Vk2 — 2. (8b)
In (8a), H¥ stands for the Hankel function of the first kind and n-th order, given by

HY = J, +iY, (8c)

while A () is a spectral coefficient to be determined. The square-root function K («) is defined
in the complex «-plane cut as shown in Figure 2 such that K (0) = k.
Consider now the Fourier transform of (4a), namely
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Figure 2. Branch-cuts and integration lines in the complex plane

Fi(b,a) =0 9)

where the dot specifies the derivative with respect to p. The differentiation of (8a) with respect
to p yields

. . - HP(Kp)
F_(p,a)+ Fi(p,a) + e F, (p, A 10
(p, @) + Fi(p, o) (o, a) = A )H(l)(l(b) (10)
Setting p = b in (10) and using (9), we obtain
Al@) = F_(b, @) + e F (b, «). (11a)

Now the elimination of A(«) between (8a) and (11a) gives

H" (Kp)

F_(b,a)+e“F (b,a) = —F(b,a) — —2 "
* ' KHO (Kb)

[F_(b,a) + € Fy(b,a)]. (11b)

In the regionsa < p < b,z <0and 0 < p < b, z > [, the scattered fields u2(p, z) and
us(p, z) satisfy the Helmholtz equation in (3) whose solutions read

1 .
(;d—(p—) + K (a)) G_(p,a)=laf(p) (12a)
and
1 .
(;d—(,o—) + K (Ot)> Gy (p,a)=g(p) —lah(p), (12b)

respectively, where the boundary condition (4e) satisfied on the rigid end has been taken into
account. In (12a) and (12b), G, (p, @) and G_(p, «) are defined by:

o0

Gi(p,a) = f us(p, ) dz (12¢)
1

and
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0
G_(p,o) = f uz(p, 2)e“dz, (12d)

respectively, while f(p), g(p) and h(p) stand for

9
f(p) =uz(p,0), g(p)= gus(p, D, h(p)=us(p,l). (12e,f,0)

G.(p,a) and G_(p, ) are regular functions in the upper (Jma > Jm(—k)) and lower
(Oma > Jm(—k)) halves of the «-plane.

Particular solutions to (12a) and (12b) can be found easily by using the Green’s function
technique. The Green’s function related to (12a) satisfies the Helmholtz equation

1d d
|:——<p—)+K2(a)} G1(p, ) =0, p#t, p,te(ab) (13a)
pdp \" do
with the following conditions:
G1(t+0,1,a) =G1( — 0,1, ), (13b)
261t +0,1,0) — 2 ga(t —0,1,0) = =, (130
ap ap t
d 0
—41(b,t,a) =0, —Gi(a,t,a) =0. (13d,e)
ap ap
The solution is
1
= 14
G1(p. 1, ) M@ Q1 (p,t, ) (14a)
with

[Jo(Kp)Y1(Ka)— Ji(Ka)Yo(Kp)]
7 X [Jo(KH)Y1(KD) — J1(Kb)Yo(Kt)],a < p <t
Ql (/07 t’ a) = 5
2 | [Jo(Kp)Y1(Kb)— J1(Kb)Yo(Kp)]

x [Jo(K)Y1(Ka) — Ju(Ka)Yo(KD)] ;1 < p<b
(14b)

and
M(x) = [J1(Ka)Y1(Kb) — J1(Kb)Y1(Ka)] . (14c)
The solution of (12a) can now be written as

1 |Di(x)

G-lp.2) = o 1K@

b
[Jo(Kp)Y1i(Ka) — Yo(Kp)J1(Ka)] + i« /f(f)Ql(f, 0, Ol)fdf]-
' (15)

Similarly, to obtain the particular solution of (12b), we will use again the Green’s function
technique. The Green function satisfying the Helmholtz equation
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1
(—i (pi) + KZ(d)) G2(p,t,a)=0,p #t,p,t €(0,b) (16a)
pdp \" do
under the following conditions
G20, ¢, ) ~ bounded, G.(t+0,7,a) = G2(t —0,¢,a), (16hb,c)
igz(t +0,t,a) — igz(t —-0,t,a) = 1 igz(b, t,a) =0, (16d,e)
ap ap t ap
is
92(/071,“): Jl(Kb)Qz(p,t’a) (178)
with
Jo(Kp) [J1(KD)Yo(Kt) — Jo(Kt)Y1(Kb)], 0<p <
Qg(p,t,a)=z 0(Kp) [J1(KDb)Yo(Kt) — Jo(Kt)Y1(KD)] <p=t . (17b)
2 | Jo(Kt) [J1(KD)Yo(Kp) — Jo(Kp)Y1(KD)], t <p <b
Now, G, (p, @) reads
b
1 Dy (a) .
Gor(p.a) = { Kz(a) Jo(Kp) + / [¢(t) —iah(n)] Qz(z,p,a)rdt}. (18)
0

In (15) and (18), D1 () and D, («x) are spectral coefficients to be determined while f, g and &
are given by (12d), (12e) and (12f), respectively. Differentiating (15) and (18) with respect to
p, we obtain

b
G_(p,a) = W {Dl(on [J1(Kp)Y1(Ka) — Yi(Kp)J1(Ka)] — ia f F®01(t, p, oe)tdr]
(19a)
and
1 b
Gilp @) = s lDz(awl(Kp) - / [¢(®) = iah(D)] 02, p, a)tdr] . (190
0
The continuity relations in (4b) and (4d) require
F.(b,a)=G_(b,a), F.(b,a)=G.(b,a). (20a,b)

Replacing G (b, ) and G_ (b, o) appearing in (20a) and (20b) by their expressions given in
(19a) and (19b), respectively, we can solve D;(«) and D, («) uniquely as

F_(b,a) = Di(@), Fy(b,@) = —D(a). (21a,b)
By substituting D, («) and D, () given by (21a) and (21b) in (15) and (18) we get

G __ 1 F‘(b’o‘)JKYK Yo(K p)Jy(K ibt t 1t
—(P,Ol)—M(a) K@) [Jo(Kp)Y1(Ka) —Yo(Kp)Ji(Ka)]+ a/f()Ql(,,O,a)

(22a)
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Figure 3. The location of the zeros «;,; and §,, in the complex plane fork = 1,a = 1 and b = 4.5.

and
b

Jo(Kp)+/[g(t)—iah(t)] Q»(t, p,a)tdr ¢ . (22b)
0

1) Fbw
~ J1(Kb) K (@)

G+(105 O{)

The left-hand sides of (22a) and (22b) are regular in the half-planes Jm(«) < Jm(k) and
Jm(a) > TJm(—k) respectively. By using the following relations

5 (€72) =" I, (), Y, (e™z) =e Y, (2) + 2icos v J, (2) (22¢)

one can easily check that the right-hand sides of (22a) and (22b) are continuous across the
branch-cuts lying in the lower and upper halves of the complex «-plane and consequently
have no branch-points in their respective regions of analyticity. However, their regularity may
be violated by the presence of simple poles lying in the lower and upper half planes, namely
ata = —§,, (Ims,, > IJmk) and o = «,,,, (Ima,, > IJmk), respectively, with

Nh(Z,a)Y1(Z,b) — W (Z,b)Y1(Z,a) =0, Z,=K(@6,), m=0,1,2,... (23a)
and

JiEn) =0, a,=+k?=(&,/b)? m=012,.... (23b)

Equations (22a) and (22b) are indeed regular at « = —§,, and « = «,, in their respective

regions of regularity, if we have

Fo(b,—8,) = — 25,7 N(Znb)
2 Jl(Zma)

b
/f(t) [J1(Zna)Yo(Z1) (24)

—J(Z O (Za)]tdt, m=0,1,2,...,
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Em

Fi(b, o) = b 22 Y1(Em) f g(t) —iah(1)] Jo(—t>tdt m # 0, (25a)

2

b

Fo(b,k) = % f [g(t) —ikh(®)]tdt, m =0. (25b)
0

Using the continuity relations in (4g) and (4i),we write
F_(b,a)+e“F,(b,a) = G_(b,a) + ¥ G, (b, ). (26)
Recalling (11b), we obtain

b F.(b,a)  eYF (b,a) ior

ROt G KR = ok | T WK
. (27a)

—Jl(Ka)Yo(Kl)] ldl-{—m/L?(l)—lOth(l)] Jo(K t)tdt

0
with

D)

R(x) = in Jy(Kb)H"(Kb) and Q) = ﬁl)l (Ka) (27b,c)

T H; 7 (Kb)M ()

Since f(t), g(t) and h(r) are absolutely integrable functions satisfying Dini conditions,
they can be expanded into series of the following complete sets of orthogonal functions [10,
p.453 and p.449].

@ =Y fu lN1(Zn@) Yo(Znt) = Y1(Z@) Jo(Zyu1)] (282)
m=0
and
g(n) = ngfo(—l) h(t) = Zh Jo(s—mt) (28b,c)
m=0 m=0

where f,,, g, and h,, are related to f(¢), g(¢) and i (¢) through [10, p.453 and p.449]

_wt J(Zub)ZE
S = 2 T2 Zna) — JEZnb) /f(t) [J1(Zna)Yo(Zt) — Yi(Za) Jo(Zy1)] tdr,  (29)
8&m = b2J0 ™ /g(t)]o(—t)tdt m # 0, (30a)
b
80 =13 g()rdt, m =0, (30b)

0
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and
b
h 2 / h(t)J; (5’"t)tdt #0 (30c)
m= 75 9., < - ) m 3
b2J2 (E0) b
0
2 b
ho=— | h(H)tdt, m =0. (30d)

:bz
0

By taking into account (23),(24a,b) and (29), and (30a-d), we can express fy, g and h,, in
terms of F(a, «,,) and F_(a, —«a,,) as follows:

7TZm Jl(Zma)Jl(Zmb)

m = F— b, _8m 3la
/ 18 J2(Znb) — JH(Zna) ( ) (31a)
and
. 2 F (b, ap) . 2 .
o — iphy, = ————"2 —ilaghg = —=F. (b, k). 31b,c
g AT 80 oho b +(b, k) ( )

By using the edge conditions, the asymptotic expressions of the Bessel’s functions valid for
large arguments and the following asymptotic estimates (see [11])

imm 1 immr  iw 1
S = — 1, = — + — — — o0, 1
b—a+0<m> o 5 +4b+(9<m> m — 00 (31d)

we can show easily that

fo=0 (e [ =)/ ) gu/ ) = by = O €7/ /b)), m — 0.
(31le)
Substituting (28a-c) and (29), (30a-d) in (27a) and evaluating the resulting integrals, we
obtains the following Modified Wiener-Hopf Equation (MWHE) of the third kind valid in the
strip Jm(—k) < Jm(a) < Im(k)
b F_(b,a) €UE (b,a)  ia = J1(Zpa) fn 1
_EFl(b, a) + K2(a) O(x) + —Kz(a)R(a) =7 2 T.(ZoD) Z_,,,S,% 2

2.2. APPROXIMATE SOLUTION OF THE MODIFIED WIENER-HOPF EQUATION FOR
ki >>1

By using the factorization and the decomposition procedures, together with the Liouville
theorem, the modified Wiener-Hopf equation in (32) can be reduced to the following system
of Fredholm integral equations of the second kind:

Feby 1 (bR @OMDe™ 2
k+a)R. (@) 27i K+ —a) ° (332)
Lt
b A JoEm) [8m + imhm ] (kK + )Ry (@) 1 o= J1(Zn@) fn k + 80 i5,
+§m§ 20, (ot + ) 2w = J{(Znb) Zon o R OmET
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F.(b,a)0 (@) / Fy (b, 7)€" y
T k-a)  2ni) k-DR®O DT —a)

0 Z JO(é:m - Iam m] (k + o )eiaml L = J1(Zya) &k + Om 1
205m(0( - O[m)Q-Q—(O[m) 2 m—=0 Jl(Zmb) Zm 8m - Q+(8m)’

(33b)

where the paths of integration L+ and L~ are depicted in Figure 2. Here, R («), Q. («) and
R_(¢) = Ri(—a), Q_ (@) = Q4 (—a) are the split functions, regular and free of zeros
in the upper (Jma > Jm (—k)) and lower (Jma < Jmk) halves of the complex «-plane,
respectively, resulting from the Wiener-Hopf factorization of R(«) and Q (&) which are given
by (26b) and (26¢), in the following form:

R(a) = Ry (@)R_(a), Q) = Q4 () Q—(a). (34a,b)

The explicit expressions for R, («) and Q. () can be obtained by using the results of [4],
[11] and [12] as follows:

Ro() = [ni]l(kb)Hl(l)(kb)]l/z exp {i@ [1 —y+logTy + iz] — i@}
b4 kb

2 2
Kb © (35a)
xexp{ (P og 21 (“)>+q1<oe>} H(1+—>e p(%),
H® (ka) e
Q-‘r(a) = @
m Hy " (kb) [J1(ka)Y1(kb) — J1(kb)Y1(ka)]
= ikb—a) K(@)(a—>b), o+iK ()
1:[ 1+ a/3 Ye—/bn [ 5 T - log X + g2(a) — ql(a)]
27i
—(b— _ (35b)
0|50 -o 1oy (525 ) ).
where y is the Euler’s constant given by y = 0-57721... and g; 2 («) stands for
1 ([ 2 1 ab
1 ([ 2 1 aa
g () = ~ 0/ [1 — E—Jz(x) YA )] og (1 + —[(ka)2 - x2]1/2> dx. (35d)

In (35¢,d), the letter & denotes the Cauchy principle value at the singularities x = ka and
x = kb. Note that, when we let || — oo in their respective regions of regularity, we have

Ri(a) ~ ()%, Qu() = (o)l (35e,f)

For kI >> 1, the coupled system of Fredholm integral equations of the second kind in (33a)
and (33b), is susceptible to a treatment by iterations.
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Fob,a)=FP b, a)+ FP B, a)+ - (36a)
Fo(b,a) = FPb,a)+ FPb,a) + - (36b)

The first iteration gives

FPbe b Z Jo(&n) [gm + ictmhn ] (k + o) R (@)
(k+o)Ry(e) 20, (@ + )
(37a)
i =, k45, is1
27T Sm Sm + o R+(8m)e
and
FOb,0)0 (@) b JoEn) [gm = iemhn] (k + ap)e!
k-o)y 24 20 (@ — 0ty) Q1 (otm)
= (37b)
i~ k435, 1
Y2 L5 e G
while the second iteration reads
F®@ b, ) _ b i Jo&n) [gm — Tctmhn | (k + aty)eln! @
(k + )Ry () 200, Q1 (0t,)
(38a)
P & k+3,
o 2:% Sn e 2@
FOWb,a)Q_(a) b JolEn) [gm + itmhn]| (k + ) Ri (o)
k—a) 2 Z 20, fa(e)
= (38b)
- S Sk + 8) Re o) (@),
m=0
with
1 R_(1)O(t)(k — v)e " dr
he==0n) s —amno @ c-a (392)
L+

1 (R@OM*k—ne ™ dr
== ] @6, -kt ) (390)
L+

1 R, (v)(k + 1) dr
_ 1 39
fsle) =3 / *k—DR@ 0T +om) T —a) (390)
1 Ri(7)(k + 7)e™
fate) = 27./ K= DRO 0O 6nF T —a) (390)
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and

_ N1 (Zua) S
" (Zab) Zy

Consider first the asymptotic evaluation of I («) for kI > 1. According to Jordan’s Lemma,
the integration line L™ can be deformed onto the branch-cut C; + C, + C. through the branch
point T = —k (see Figure 2). During this deformation one crosses the poles occurring at the
zeros of J1(Ka), lying in the lower half-plane, namely: t = —«,, Where «,, is given by (22b).
The residue contribution of these poles and the contribution from C. are

2k b? R (k)e!

(39)

I =
() = 712 0, 0k + o)kt )
~ L _ (40a)
3 (k + 8,) R, (8,) H{" (Z,a)e®!
= (k= 8,)H® (Z,b) Q4 (82) B + ) (8 + )M (=8,)
If we denote the branch-cut contribution to (39a) by I3, (), we can now write
Ii(a) = I () + Iy, (o). (40b)

Consider now the branch-cut integral 15, () which can be rearranged as follows:

e 2| [R@O@Gk—ne™  dr R.(DQ@ k-1 ™ dr
b =20 ) Tamo- @&+ (’_“)+c T—oamO_Dk+7) T—0a) |

(40c)
Using the properties
hE€™Ka) = —J1(Ka), H €7 Ka) = H® (Ka) = J1(Ka) —iYy(Ka),  (41ab)
and making the following substitution
k+t=re""2 >0, (42)

the integral in (40c) can be reduced to the following one written over R*

Iy, (@) =——f (k+”+ ) 1, (43q)

with

R, (k + i)
t(JA(Kb) + Y2(Kb)Q (k + it)(k + it + )
If k1 is large, the main contribution to the integral in (37a) comes from the end point ¢+ = 0.

Hence, after replacing Bessel’s functions by their following asymptotic expression valid for
small arguments

Ur) = — (43b)

4
Ji(z) + Y (2) ~ —rt lz] — 0, (44)
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we can take U (¢) out from the integral by assigning its value at ¢+ = 0. The resultant integral
can be evaluated easily; as a result we obtain

2 Ry (k) ikl .
N, (o) ~ —(kb) —Q+(k)(k+am)e W_12(—il(a + k)), (45)
with
B OOEXP (—u)
W_1,2(8) —f P du. (46a)

0
The function W_y»(£) is related to the Whittaker function W_y 5 (&) [13, Chapter 16] by the
relation

W_1/2(8) = exp (£/2) £ 2 W_1)2,0(). (46b)
Finally we obtain
R (k)
0. (k) (k + a,,)
N i (k + 8,) R (8,) H (Z,a)e!
= (k= 8,)H" (Z,5) Q4 (8,) (8 + @) (8 + ) M (=35,
N 2k b? R (k)e™
(@2 —b2) Q4 (k) (k + a)(k + a,)

By proceeding similarly, we get the following approximate expressions for I(«), I3(«) and
I;(o) valid for kI > 1. The result can be written as

L(a) = —(kb)? e W _y 2 (—il(a + k))

(47a)

R (k) ¥ ,
Io(e) = (kb)? Q*E,{)) (ke+ 5 Wos(-il@ 4 )
+ n
_ i (k+8,) R, (3,) Hy " (Zya)e™ (47h)
= (S 4 8) (k= 8,) HY (Z,0) 01.(8,) (8, + €)M (—8,)
 2kmb? R (k)e
(@2 —b?) Q4 (k) (k + ) (k+8,,)
~ 2 R (k) ikl TN - R (o) (k + ay)?e'en!
)~ ) G e e e ) = Y e T an (e
(47c)
_ 2 R (k) ikl T s R (o) (k + ay)%e'en!
@) = () Gy Wil =) = 5 ) e e i O

=0 (47d)

Now, the approximate solution of the modified Wiener-Hopf equation reads:
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Fi(b, o) b Z JoEn) [gm + ictmhm ]| (k + ) Ry(otm)
(k + (X)R+((X) 20{,n(()l + O{m)
o Y Su i R G
m=0 +
) (48a)
_é JO(%-m) [gm - lamhm] (k + Olm)elaml I (O{)
2 —~ 20 Q.4 () '
i o~ k+36,
"o Z 0. 2
F.baQ (@ b Z Jon) [gm — iatmhin] (k + atp)etn!
(k - Ol) B 2 —0 20{)11(0{ - am)Q—&-(“m)
i ok + 8, 1
o Z —a 0,(n)
(48b)

b Jo(&m) [ + iy, m] (k + o) Ry (o)
4=
2 20,

I3(a)

m=0

i - i
—5 Z n(k + 80) Ry (8,)€°" L4 (@).

2.3. DETERMINATION OF THE EXPANSION COEFFICIENTS

The field in the cavity can be expressed in terms of the waveguide normal modes as follows

o]

ua(p.2) = Y et (6,5, (492)
n=0
with
2
By= Jk2—L  n=012.... (49b)
a

Here &,’s are the roots of the characteristic equation
(&) =0, n=0,1,2.... (49c)

Similarly, in the region 0 < p < b, 0 < z < [, u4 (p, z) can be expressed in terms of the
following normal waveguide modes

[e.¢]

Lt4(,0, Z) = Z (pneiwnZ + Qne_ianz) JO(é:ng) (508)

n=0

Now, from the continuity relations (4j—m) we write
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ad .
_u3(,0, O) + Ik7 pE (07 a)

Zualp, 0) = | 02 , (512)

¢ 0, p € (a,b)
and

u4(loa 0) = l/l3(/0, 0) + 17 pE (05 a) ’ (Slb)

a o

S0 =8(0) = Y guhEns): p € (0.0), (51c)
< m=0 b

us(p. ) = h(p) = Y hnJo(n5): o € (0.0). (51d)

m=0

Inserting the series expansions of g (p) and & (p) given in (28b) and (28c) in (51¢) and (51d),
respectively, and using (49a) and (50a), we get:

00 > . 1Y .

= iy [pn — qu] Jo(f;‘ng) = ,;)lﬁmc'"h@mg) —k pela (52a)
n=0 0, pel(ab)

Yo [po+ 0] o) =Y cnhEnt) +1. pea), (52b)

n=0 m=0

g ia, [pnei“”l - qne_ia”l] Jo(Sng) = mz_;gm JO(Sm%)a (52c)

and
= iy, —iay 4 _ = p
;[pne "+ Io(E) —;hmfo(sm?. (52d)

Multiplying both sides of (52a) and (52b) by pJo(&%) and by Jo(&2), respectively, and
integrating from 0 to » and from 0 to a, respectively, we obtain the following system of
linear algebraic equations:

2 2
ao(po — C]O)E = 7(1 — co), n=0, (53a)

/D — Enfa)? |

_% iﬁmcm &n [JO(Sm)Jl(;’:n%)] iha

b , a
an(pn - Qn)?Jo (é:n) = Jl(é:nz)’ n = 17 27 BRI

(53b)

m=0

> 2b a
Co = (Po + q0) + Z(pn + QH)E-Il(Sn E) - 1» m = 0’ (53C)
—1 n
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2 < £, a
Cn = —F 7 - < ( n + n) J (Sn_)v m = 1’ 2’ ey 53d
abJo(En) X:;: P b = @) "D (539
gm = io{m [pm Iam - Qme_iamq ) m = Oa 15 25 R (536)
By = pme@n! + qme_i“'"l, m=20,1,2,---. (53f)

This system of equations can be rearranged as

8m — iainhin = _2iO{QOe_iaml’ m = Oa 15 25 Tty (543)
gm + iothy, = 2iay, ppe!. m=0,1,2,-- (54b)
2 2 2 2 = J1Enp) 2
k(a® + b*)pg — k(b* — a®)qo + 2kab Z(pn +qn) : =2ka® r=0, (54c)
n=1 n
(o — a0 R + 2 i( + @n)En 1 (6 )
r\Pr qr 2 o \sr b2m21pm dm)SmJ1 mb
1 (Sr/b)z (§n/a)2] [(ém/b)z - (Sn/a)z]
k J1En3)N1(E5)  2kba a
)(P + q ) + Zkb (pm + Qm) = J (%-r_)7
g o 2; Enk; & b
r=1,23,....
To obtain an approximate value for F. (a, «) and F_(a, o), we substitute o = k, o1, aa, . .. , ay
in (48a) and ¢ = —81, —3,,..., =38y in (48b). These equations, together with (54c¢) and
(54d), result in 3(N + 1) equations for 3(N + 1) ur]knowns. The solutiqn of these simul-
taneous equatjons yields approximate solutions for F.(b, k), F (b, 1), Fy (b, a2), ... and
F_(b, —61), F_(b, —38,), .... By using (31a—b) we obtain
_ b Jo(5)(gr —ievhy) _ Qi JoEn)(k + ) [ (gm + iotmhy) Ry ()
2 2k +a)Ry () 2 — 20, o + a,,
- (55a)

m I mhm eiaml I = R 8m i Brm
_ (8 o ) Arm} _ E Sy (k + 8) ¥ {#ewml __rm
Q+(O{m) 27T Sm + (073 Q+(8m)

and
iSr J]_Z(Zrb) - J]_Z(Zra) Q+(8r)fr _ b i JO(Sm)(k +a)n)

{(gm + iamhm)R+(am)Crm

an Jl(Zra)Jl(Zrb) (k + 8r) B 2 -0 2O{m
- - " (55b)
(gm - iamhm)elam } I { is 1 1 }
- — — S,k +8,) | Ry (8! — ,
en 3000y |~ 2 2SI RGeS
with
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o Rk e N 2k b? R (k)e!
A””_{ ) ) Ty 2 ) s G ot + o) (ko)
. i (k + 8,) R4 (8,) H" (Z,a)e™! (55¢)
= (k= 8,)H (Z,5) 01(8,) (84 + ) (8n + )M (=8,) |
ikl 2 ikl
B = byt &y i, k) - R0

Q4 (k) (k +5,) (a? = b?) Q1 (k) (k + o) (k + 8,)

~ (k +8,) Ry (8 H (Z,a)e™! (550)
= S+ 8k — 8)HP (Z,b) Q1 (8,) (8, + 0, )M (=8,)

Ry (k) - : 1 R (o) (k + o) %€l
Com = (kb)?——22 e W_, o(—il(8, +k)) + = :
O G W + 10 RO TR 2nX_;an(8,+an>(oen+am)Q+(an)
(55e)
_ ] 1 R () (k + ap)%eion!
D, = (kb)2=—L2=® __giklyy o (—il(S, + k) + = + .
kb) 560 1/2(=1 @+ )”zzan(a,+an>(an+sm>Q+(an>

n=0
(55f)

By substituting (54a,b) in (55a,b) and also considering (54c—d), we can easily obtain the
three infinite systems of linear algebraic equations with coefficients p,, ¢, and f,.

3. Theradiated far-field and computational results

The radiated field in the region p > b can be obtained by taking the inverse Fourier transform
of F(p, ). From (7a) and (10) we obtain
1 Hy" (Kp)

- ” il —iaz
2 ) K(a)Hl(l)(Kb)[F_(b,oe)—Fe Fo(b, a)le " da, (56)

ul(loa Z) = -

where L is a straight line parallel to the real «-axis, lying in the strip Jm(—k) < Jm(x) <
Jm(k). Utilizing the asymptotic expansion of H{"(Kp) as kp — oo

2
H{P(Kp) = /—nKp giKp=m/4) (57)

we observe that the asymptotic evaluation of the integral in (56), using the saddle point
technique, yields for the diffracted field for k\/p2 + z2 >> kl,

i |e*1  F. (b, —kcos® ez F (b, —k cos 6
{ L ( D, ( ) (588)

ul(p’ Z) ~ = . - - - ’
m | kri sing H® (kbsingy) — kr2 sing,HX® (kb sin 6,)

where F, (a,«) and F_(a, ) are given by (48a) and (48b), respectively. Here r;, 6, and
ry, 6 are the spherical coordinates defined by

p=rnn sin 61, z=r1C086, (58b)
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Figure 4. Absolute error in the fulfilment of the continuity relation vs. the truncation number N

and
0 =ry8iN0,, z—1=r,C056,. (58¢)
In the far-field region we have

0 =~ 0, (59a)

rp —lcos6y,  for the phase term
r2 = \/rf + 12 — 2r1l cos 01 ~ ) (59b)
1, for the amplitude term

and (58) reduces to

i { Fo (b, —kcOS0y) + e kst ' (p _kcos@y) | elkr (60)

ui(p,z) ® — X . :
™ sin 6, H" (kb sin 6) kry

From (31e) and (54a) we can see that f,, and ¢, decay exponentially with m, so that
the infinite algebraic systems converge very rapidly. Thus, they can be solved by truncating
the infinite matrix and numerically inverting the resulting finite system. The value of the
truncation number N is increased until the final physical quantities, such as the amplitude
of the radiated field or the reflection coefficients, become insensitive up to the desired digit
after the decimal point.

From Table-1 it is seen that the relative errors made in calculating the reflection coefficient
lgo| by choosing N = 2 and N = 20 are 0-5% for k = 1, 1.1% for k = 2 and 1.4% for
k = 3, respectively. Thus, for higher frequencies the error can be reduced by increasing the
truncation number N.

Another effective check on the analysis can be made by showing numerically that the conti-
nuity relation in (52b) is satisfied. Figure 4 displays the variation of the absolute error in the
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Table 1. Reflection coefficient |gg| versus the truncation number N for different of .

normalized radiated field
2 o 2 2 2 2 o o
L] w s i =2 ~ o w

2

0

0

observation angle (in degree)

Figure 5a. Normalized field amplitude vs. the observa-
tion angle for different values of kb with ka fixed.

fulfillment of the continuity condition in (52b) at p =0, i.e, ¢ = Z Pn+ qn —

N ka=05kb=1ki=5 ka=1kb=2,ki=10 ka=15kb=3kli=15
2 0-296464 0-203286 0-151387
4 0-295555 0-201966 0-150149
6 0-295277 0-201542 0-149749
8 0-295152 0-201346 0-149561
10 0-295085 0-201237 0-149455
12 0-295022 0-201167 0-149388
14 0-294960 0-201118 0-149342
16 0-294912 0-201084 0-149309
18 0-294875 0-201058 0-149285
20 0-294843 0-201038 0-149266
~ =
“\ ka=125 ki=10 ::E:;s 09t \
N —— Kb=3 ., ka=3 k=10
151 08 \.
% :V
\ E o5
L4 g os}
‘\\‘ - s - g 03} III\_ i |
\\ e 02} k . F&
M\‘-v L ,-f/ 01 I 3 s I}'I I"I SLA e o2
B @ W W e o e e W W T W W

observation angle (in degrees)

Figure 5b. Normalized field amplitude vs. the observa-
tion angle for different values kb with ka fixed.

. — 1| Vs

the truncation number N. The absolute error is less than 1% for N > 14

Figures 5a,b show the variation of the normalized diffracted field amplitude |uy (r1, 61) /
ui (r1, 0) | vs. the observation angle 61, for different values of k (b — a) when ka is fixed.

Note that the directivity of the stepped waveguide increases with increasing values of the
step height k (b — a) . As can be shown from Figure 5b, when kb exceeds 3-83 (the second
zero of J;), more than one duct mode can be cut-on. For instance, choosing kb = 4 a lobed
radiation pattern with a null near 6; = 73° is observed.

From Figure 6, one can see that, when kb is fixed, the amplitude of the radiated field
increases with increasing values of ka.

Figures 7 and 8 depict the variations of the reflection coefficients |cg| at z = 0 and |go| at
z = I with ka for different values of k/ and with kI for different values of kb, respectively.
We observe that, when ka and kb increase, the moduli of the reflection coefficients |c¢g| and
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Figure 6. 20logqq |u1 (r1, 01) kr1| vs. the observation
angle for different values of ka while kb and &/ are
fixed.
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Figure 8. Amplitude of the reflection coefficient |gg|
vs. kI, for different values of kb.
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Figure 7. Amplitude of the reflection coefficient |cg|
vs. ka, for different values of k/ while kb is fixed.
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Figure 9. Comparison with the exact solution related to
a semi-infinite cylindrical pipe.

|go| decrease and the transmission efficiency increases as expected. Notice that |cg| and |go|

exhibit an oscillatory behavior when &/ varies.

Finally, Figure 9 displays the amplitude of the normalized radiated field obtained in the
present work for ka = 2-6, kb = 2-84, kI = 10, the theoretical results related to a rigid
cylindrical pipe of radius kb = 2-84, derived by [1] and the experimental data provided by
[9]. Since our result is obtained under the assumption a < b, it is not possible to reduce it
to the case of a semi-infinite cylindrical pipe by letting a — b. However, we can see that the
results obtained in this work approache the exact solution for k (b — a) = 0-24 < 1 and fits

quite well with the experimental data.
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4. Concludingremarks

The radiation of sound from a stepped circular cylindrical waveguide has been investigated by
using the mode-matching method in conjunction with the Wiener-Hopf technique. The prob-
lem was first reduced to a system of Fredholm integral equations of the second kind and then
solved approximately by iteration for large /. The solution involves three systems of linear
algebraic equations involving three sets of infinitely many unknown expansion coefficients.
A numerical solution to these systems has been obtained for various values of the stepped
waveguide parameters, such as waveguide radius a, aperture radius b, and horn length /. In the
case where the step height is small, the results obtained in this paper have been compared with
the exact solution related to a semi-infinite cylindrical pipe and the agreement was found to be
very satisfactory. Furthermore, it has been shown numerically that the error in the fulfilment
of the continuity relation (52b) is satisfiactory. This can be considered as a good check for the
reliability of the analysis made in this paper.
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